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Crack Growth Behavior in a Composite Propellant with
Strain Gradients—Part II

C. T. Liu*
Astronautics Laboratory, Edwards Air Force Base, California 93523

The crack growth behavior in a highly filled composite propellant with strain gradients was studied through
the use of centrally cracked, wedge-shaped sheet specimen. The specimens were tested under a constant strain
rate condition at room temperature. Two crack lengths were considered. The experimental data were analyzed to
calculate the instantaneous stress intensity factor K} and the associated instantaneous crack growth rate da/dl.
In the data analysis, four data processing methods—the secant method, the modified secant method, the spline
fitting method, and the total polynomial method—were considered. The effect of the data processing method
and the time interval for crack length measurement on the accuracy of the calculated crack growth rate was in-
vestigated. In addition, the effect of the initial crack length, the nonuniform gross strain field, and the data proc-
essing method on the crack growth behavior was also investigated, and the functional relationship between the
stress intensity factor and the crack growth rate was determined.

I. Introduction

I N designing a structural component, a thorough knowl-
edge of the material properties of the engineering material

and the pertinent failure criterion for a specific failure
made is required. During past decades, the fracture mechanics
approach has been used frequently as a failure criterion for
high-strength materials. This approach is based on the
assumption that the stress field in the immediate vicinity of a
crack tip can be determined by the linear elastic fracture
mechanics theory, provided nonlinear behavior is of limited
extent. The influence of this stress field can be measured in
terms of the stress intensity factor, which is a function of the
applied load and the geometries of the crack and the specimen.
According to the fracture mechanics approach, fracture oc-
curs when the stress intensity factor attains the critical value,
which is a material property to define the onset of brittle
(unstable) fracture of the material. This fracture initiation cri-
terion implies that a structure will fail as soon as a crack is in-
itiated. It is based on the assumption that a crack, once it is in-
itiated, will propagate at a very high speed and the structure
will fail immediately. However, under certain loading condi-
tions and certain geometrical configurations, subcritical
cracks in a structural material can slowly extend and result in a
time-dependent fracture process as well as fracture stress.
Therefore, under this condition, a structure's useful life will
be governed by the subcritical crack growth in the material.
Thus, in an attempt to predict the ultimate service life of a
structure and to use the material effectively, the failure crite-
rion should include the crack propagation aspect of the sub-
critical crack growth.

As the requirement for rocket motor performance and
reliability is advanced, the need to incorporate fracture
mechanics in evaluating the propellant grain's structural inte-
grity becomes more urgent. Before this can be accomplished,
detailed knowledge of the characteristics of the crack growth
behavior in a solid propellant is required.
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During the past years, a considerable amount of work has
been done in studying the crack growth behavior in solid pro-
pellants under various loading conditions.1"6 The basic ap-
proach is to determine the kinetics of the crack growth in
terms of the relationship between the crack growth rate da/dt
and the stress intensity factor Kj. The published data and
derived functional relationship between da/dt and Kj were ob-
tained by testing centrally cracked biaxial specimens under
uniformly applied loading conditions. The effect of a nonuni-
formly applied gross strain field, which is a typical loading
condition that a solid propellant grain will be subjected to
under thermal and/or pressure loading conditions, on the
crack initiation, the distribution of the strain field in the speci-
men, and the crack growth behavior in a composite solid pro-
pellant was investigated by Liu.6

In the present study, Liu's data were analyzed to determine
the effect of the methods of da/dt calculation and the time in-
crement for measuring the crack length on the accuracy of the
da/dt calculation. In addition, the effect of nonuniform gross
strain field on the subcritical crack growth expressed in terms
of a (Kj) in the composite propellant was investigated.

II. Experimental Data
The experimental data collected by Liu6 consists of crack

length, load, and time, obtained by conducting crack propaga-
tion tests on crack wedge-shaped biaxial specimens. The
length of the specimen was 8.0 in. and the thickness was 0.2 in.
The width of the specimen varied symmetrically so that at the
small end it was 1.5 in. wide, and at the large end it was 2.5 in.
wide. Therefore, for a given load, this geometry produced a
continuously varying strain field across the length of the speci-
men. Along the horizontal centerline of the specimen, two
cracks of two lengths, 1.0 in. and 2.0 in., were cut through the
center. The geometry of the specimen is shown in Fig. 1.

END TAB-

Fig. 1 Specimen geometry.
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Crack propagation tests were conducted under a constant
strain rate condition at room temperature. During the experi-
ment, the crack length, the load, and the time were recorded.
These data served as input to a computer program that calculated
the crack growth rate and the stress intensity factor and then de-
termined the functional relationship between these two parame-
ters. A detailed description of the tests is shown in Ref. 6.

III. Data Reduction
The raw data obtained from the constant rate test were the

two half-crack lengths, the right-side half-crack length ar, and
the left-side half-crack lengths a/, which were measured from
the center of the specimen; the time t and the load P, corre-
sponding to the measured time. The raw data ar and a, were
plotted as a function of time i in Figs. 2 and 3. These data were
used to calculate the crack growth rate da/dt by four different
methods. The methods considered were 1) the secant method,
2) the modified secant method, 3) the spline fitting method,
and 4) the total polynomial method. A detailed description of
the four methods is shown in Ref. 5 and in the following para-
graph.

In the first method, known as the secant method, the crack
growth rate was computed by calculating the slope of a
straight line connecting two adjacent a vs t data points and
assigning the average crack growth rate at a point midway be-
tween each pair of data points. The second method was the
modified secant method and was done by averaging two adja-
cent growth rates, also obtained by the secant method, and
assigning the averaged crack growth rate to the middle point
of the three data points. The third method, the spline fitting
method, fit a smooth continuous curve through a set of data
points by a third-order polynomial together with the require-
ment of a Continuous first and second derivative of the fitted
function at the data point. The fourth method was the total
polynomial method. This method involved fitting an nih-
order polynomial to a set of data. The coefficients of the
polynomial function were estimated by the method of least
squares.

To determine the stres§ intensity factor at the crack tip, it is
necessary to relate the load on the specimen to crack and speci-
men dimensions. A three-dimensional finite element computer
code TEXGAP-3D7 was used to determine the stress intensity
factors as a function of the crack lengths for a given load P ap-
plied at the boundary of the specimen. The calculated mode 1
stress intensity factors KIr and Kn at the right-side and the left-
side tips were normalized with respect to the applied load P.
Nonlinear regression analyses were conducted to generate two
response surface equations, relating the dependent variables
Klr and Kn to the independent variables ar and a. The finite el-
ement analyses of the cracked specimen as well as the gener-
ated response surface equations are shown in Ref. 6.

To avoid the time-consuming process of data reduction, a
computer program was written to calculate the crack growth
rate, based on the aforementioned four methods, and the
stress intensity factor, based on the generated response surface
equations. In addition, a subroutine, originally written by
Virkler,8 was incorporated in the program to determine the
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Fig. 2 Crack length vs time (<z0 = 1.0 in.).
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Fig. 3 Crack length vs time (a0 = 2.0 in.).

amount of error introduced into the crack propagation data
for each of the four crack propagation rate calculation
methods. This subroutine calculated the crack length as of
function of time by integrating the estimated da/dt data and
then comparing it with the original a vs £ data. The relative er-
ror, expressed as the ratio of the difference between the inte-
grated data and the original data, was calculated step by step,
and the average of the relative errors was^also calculated. By
comparing these average incremental errors, the da/dt calcula-
tion method that results in the least amount of error can be
selected. In the error analysis, the effect of the time interval At
on the accuracy of the da/dt calculation was studied, and a
total of five time intervals (/ = 3, 6, 9, 12, 15 s) were con-
sidered. In the subsequent data analysis, only two methods of
da/dt calculations, the secant method and the total
polynomial method, and the optimum time interval At were
used in processing the crack growth rate and the stress inten-
sity factor. The results of the data analysis will be shown and
discussed in the following paragraphs.

IV. Results and Discussion
Crack growth rate determination requires an analysis of dis-

crete data relating the instantaneous time t to the correspond-
ing crack length a. The general problem encountered in deter-
mining crack growth rate is determining the derivative of a
function a = f (t) that is known only at certain data points. In
addition, the inherent nonhomogeneous nature of a highly
filled composite solid propellant will inevitably cause a consid-
erably higher scatter in the measured data. Therefore, it is an-
ticipated that a smooth and steadily increasing relationship be-
tween the crack growth rate da/dt and the time / is difficult to
obtain and that different methods of da/dt calculation and
different time increments for measuring the crack length may
result in different solutions. It is the purpose of this study to
investigate the influence of these parameters on the accuracy
and scatter of the crack growth velocity da/dt. The results of
the analysis are shown below.

The result of the error analysis is shown in Fig. 4 with the
computational error plotted as a function of the method of the
a calculation and the time interval At. The figure reveals that a
definite trend exists between the computational error and the
time interval At. For the four methods of the a calculation
considered in this study, the computational error decreases
with increasing At until it reaches a minimum value and then it
has a tendency to increase as the At is further increased. The
curves also indicate that method 1 introduces the least amount
of error into the crack growth rate, followed by methods 3, 2,
and 4. The differences between the computational error values
associated with methods 1 and 3 are small when At is greater
than 9 s. However, the computational error values for method
4 are significantly higher than those for the other three
methods. This indicates that the inherent variability of the
crack growth rate may be masked by the data's smooth action
introduced by fitting a smooth polynomial curve through the
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Fig. 4 Computational error vs Af increment size.

discrete data points. Therefore, when selecting a method to
calculate the crack growth rate from the raw experimental
data, the accuracy and the scatter that are introduced into the
calculated crack growth rate by the selected data processing
method should be considered.

Based on the results of the error analysis, the secant method
(method 1) and the 12-s time interval were used to analyze the
crack growth data. For comparison, the polynomial method
(method 4) was also used to analyze the data. The results of
this analysis are presented and discussed in the following para-
graphs.

The results of the data analysis, plotted as the stress inten-
sity factor Kj, vs the crack extension A0, are shown in Fig. 5.
This figure has three regions, and it shows a similarity to the R
curve observed for metallic and composite materials. In the
first region, defined as the crack tip blunt stage, experimental
data showed that the crack tip radius continually increased
with increasing applied load and no crack extension took
place. When the applied load reached a critical value for crack
growth, the crack started to propagate, which defined the
onset of the second region of the R curve. In this region crack
growth was stable under an increasing load. The stable crack
growth implied that after the first increment of the crack
growth, an increment in the applied load was required for fur-
ther crack growth. The amount of the increasing load was
related to the slope of the R curve. In the second region, the
slope of the R curve was positive and, initially, relatively
steep. The steep slope implied that a relatively large increment
of load was required to induce a small extension of the crack.
As the stable crack grew continually, the relationship between
the crack extension and the stress intensity factor changed suc-
cessively. This was indicated by the continually changed slope
of the R curve. The decrease in the slope of the R curve im-
plied that the energy per unit extension required to continue
crack propagation was decreased or that the increment of the
crack extension per unit load was increased. The R curve was
not expected to rise indefinitely. At some value of the crack
length, the transition from region 2 to region 3 was completed.
A careful examination of the experimental data revealed that
the transition region was located approximately near the maxi-
mum applied load. This implied that region 3 was
characterized by a continual decrease in the applied load with
a continual increase in the crack length and a relatively con-
stant value of the stress intensity factor. However, the crack
was not driven at constant velocity, but instead it propagated
at an accelerating rate.

Therefore, the onset of region 3 could be considered as the
onset of the unstable part of crack growth. In this region, as
observed in Fig. 5, the R curve also showed three different
shapes, according to whether the slope of the R curve was
greater than, equal to, or less than zero. However, it should be
pointed out that the negative slopes of some of the crack

growth resistance data were due to a large drop of the applied
load, which was caused by the generation and the propagation
of a second crack in the high-stress region at the right-side
edge of the specimen, as mentioned in Ref. 6.

Referring to Fig. 5, the range of region 2 of the R curve en-
compasses an approximate range of Kl from 30 psi Vih. to 60
psi Vm. for both the right-side and the left-side crack growth
data. This indicates that the value of the stress intensity factor
that corresponds to the unstable crack growth is approx-
imately two times larger than that required for the initiation of
a stable crack growth. The figure also reveals the existence of
scatter bands that embrace all the crack growth data and a
relatively narrow band for the second region of the R curve.
The small scatter of the test data in region 2 is probably well
within the scatter of the experimental data due to the uncer-
tainty of the measurements as well as the variability of the
material properties. Therefore, in the second region of the R
curve, the crack growth resistance curve can be assumed to be
independent of the initial crack length and the magnitude of
the nonunifprm gross strain field.

A typical plot of the crack growth resistance data Kj and Aa
on a log-log scale is shown in Fig. 6. The data indicate that a
good correlation exists between log Kf and log Aa with a cor-
relation coefficient equal to 0.916. The straight line relation-
ship between log Kj and log A0 implies that a power law rela-
tionship exists between these two parameters.

Based on the above discussion, it can be stated that the
quasistatic, stable crack growth in solid propellant is asso-
ciated with a high resistance that is developed in the material.
The increase in crack growth resistance with crack extension is
the control factor for stability rather than the critical stress in-
tensity factor for the onset of crack propagation. It is the
crack growth resistance curve that measures the strength of the
crack tip region of a growing crack. Therefore, in order to ob-
tain a better understanding or to compare crack growth be-
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havior in solid propellants, the crack growth resistance curve
(the R curve) is required. It should be pointed out that the
crack growth resistance curve, shown in Fig. 6, was derived
from experimental data obtained from experiments under a
constant crosshead speed. Therefore, it may not be used to
describe crack growth behavior under a different crosshead
speed. To investigate the rate dependence of the crack growth
resistance curve, additional tests need to be conducted for dif-
ferent crosshead speeds.

A typical plot of the crack growth rate a vs the time t for the
two methods of the a calculation (the secant method and the
polynomial method) is shown in Fig. 7. This figure clearly
reveals that the method of the a calculation has a significant
effect on the scatter of the calculated crack growth rate. Look-
ing at Fig. 7, we recognize that a pronounced fluctuation of a
is associated with the secant method. The magnitude of the
fluctuation seems to decrease as the time is increased.
Although the fluctuation of a occurs during the entire time
range of crack growth, the general trend for the crack growth
is that, qn the average, the crack growth velocity increases
with increasing time and the right-side crack propagates at a
higher velocity than the left-side crack does. It is of interest to
note that the two crack tips propagate out of phase with each
other with different velocities. In other words, when the right-
side crack grows fast, the left-side crack grows slow and vice
versa. This kind of crack growth rate fluctuation does not oc-
cur when the polynomial method is used to calculate the crapk
growth rate. The smooth action introduced by the polynomial
method results in a continuous smooth crack velocity curve.
For both the right-side crack and the left-side crack, the crack
growth velocity increases continually with increasing time, and
the right-side crack always grows faster than the left-side
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Fig. 7 Crack growth velocity vs time.
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Fig. 10 Crack growth rate vs stress intensity factor (00 = 2.0 in.,
polynomial method).

crack. This is an expected phenomenon because the right-side
crack propagates into a relatively higher gross strain field
whereas the left-side crack grows into a relatively lower gross
strain field. It is also of interest to note that the crack growth
rate calculated by the secant method oscillates approximately
around the smooth crack growth rate curve obtained by the
polynomial method. This phenomenon is consistent with our
expectations. Because, in the polynomial method, a higher-
order polynomial function was selected to fit the discrete ex-
perimental data (crack length and time), the resulting crack
length vs time curve became smooth. Therefore, it is
reasonable to expect that, in general, the crack growth velo-
cities calculated by the polynomial method may represent the
mean crack growth rates with the crack growth rate calculated
by the secant method oscillating around it.

The above discussion revealed two important aspects. First,
note that with increasing time, the crack growth rate oscillates
while the stress intensity factors increase. Second, the crack
growth rate fluctuation is significantly affected by the method
of the a calculation. Based on experimental evidence, in gen-
eral, the crack does not grow in a continuous and smooth
manner. During the crack growth process, crack growth velo-
city both accelerates and decelerates. Based on this experimen-
tal evidence, and in view of the nonhomogeneous nature of the
solid propellant, the secant method appears to provide the best
estimate of both the actual crack growth history and the actual
crack growth velocity.

When the crack growth rate fluctuates, there will be no one-
to-one correspondence between the crack growth velocity and
the stress intensity factor. This contradicts current crack
growth theory, which requires a unique relationship between
the stress intensity factor and the crack growth rate. The lack
of uniqueness between Kf and a raises two questions: to what
extent the oscillation of a should be taken into account and
how to present and use these data. How these questions are
answered depends on how the gathered data will be used. If
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Table 1 Summary of regression analysis
Method of

Data analyzed a calculation Log C t C2

Left side
Left side
Right side
Right side
Right and left sides
Right and left sides

lc

4d

1
4
1
4

-6.66
-7.25
-6.07
-6.47
-6.87
-7.01

2.60
2.98
2.30
2.54
2.77
2.87

R*
0.707
0.945
0.762
0.959
0.73
0.906

Sb

0.215
0.074
0.183
0.054
0.219
0.107

Coefficient of correlation. bStandard error of estimates. cSecant method.
Polynomial method.

one is interested in knowing the central tendency of the crack
growth behavior, the fluctuation in a seems unimportant.
However, if one is interested in determining the upper-bound
limit on a> the fluctuation in a should be considered in the data
analysis. A more in-depth discussion of these options will be
present later.

Plots of combined crack growth data (right side and left
side) as Kj vs a for aQ = 1.0 in. and a0 = 2.0 in. are shown in
Figs. 8-11. Looking at Figs. 8 and 9, we note that the right-
side and the left-side crack growth data fall in the same scatter
band, and there is no appreciable difference in these data. It
seems that the effect of the nonuniform gross strain field on
the crack growth behavior is negligible. A careful examination
of the data in which a was calculated by the secant method
reveals that, except for some unusual phenomena, for a given
time, the stress intensity factor and the crack growth rate at
the right-side crack tip are greater than those at the left-side
crack tip. However, later the values of Kf and a at the left-side
crack tip approach the earlier time values of Kt and a at the
right-side crack tip. In other words, the crack growth behavior
of the left-side crack has a tendency to approach the crack
growth behavior of the right-side crack at a later time. It seems
that crack growth data for the two sides may approach each
other by shifting the data on a time scale. Therefore, when all
data Kj and a are plotted together, the right-side and the left-
side data overlap, and there is no appreciable difference be-
tween them. This is also true for the aQ = 1.0 in. data shown
in Fig. 9. Interestingly, a comparison of Figs. 8 and 9 shows
that the two sets of data a0 = 1.0 in. and a0 = 2.0 in. are ap-
proximately encompassed by the same scatter band. This im-
plies that the initial crack length as well as the nonuniform
gross strain field considered in this study have no significant
effect on the crack growth behavior. This is also true for the R
curve shown in Fig. 5. Comparing Fig. 10 with Fig. 11 reveals
that the same conditions also hold for the crack growth data
derived from the polynomial method. Figures 10 and 11 also
show that the scatter of the crack growth data is much nar-
rower than the scatter patterns shown in Figs. 8 and 9.

Figures 8-11 show that the crack tends to propagate at a
higher rate when the value of Kf is approximately equal to 60
psi Vih. This value of Kf is the value at which the unstable
crack growth starts or the point that corresponds to the onset
of region 3 in the R curve shown in Fig. 5. In the early crack
growth stage of Figs. 8 and 9, the crack growth data show a
relatively large scatter. The scatter seems to decrease as the
stress intensity factor increases. In other words, the data tend
to coverge as the stress intensity factor increases,. This phe-
nomenon is similar to that reported by Liu5 in his study of the
statistical nature of crack growth behavior in solid propel-
lants. It was found that the coefficient of variation of the
crack growth rate decreased as the value of Kj increased. The
method used to calculate a affected the value of the coefficient
of variation for a. The result of Liu's analysis indicated that
the secant method and the polynomial method yield the largest
and the smallest coefficient of variation values, respectively.
This finding is consistent with the result of the statistical anal-
ysis of the present data, which will be shown later.

Based on Figs. 8 and 9, the data exhibit a relatively large
scatter, especially in the early stage of crack growth. There are

many factors that may contribute to the scatter of experimen-
tal data.9 For a given testing condition and data reduction
method, the variation in the test data can be attributed to the
material's microstructure. On the microscopic scale, a highly
filled composite propellant can be considered a nonhomo-
geneous material. When this material is strained, the different
size and distribution of the filler particles, the variation in the
bond strength between the particles and the binder, and the
different cross linking density of polymer chains can all pro-
duce a highly nonhomogeneous local stress field. Also, this
material may contain randomly spaced microvoids, incipient
damage sites, and microcracks with statistically distributed
size and directions. Therefore, the local material strength
varies in a random fashion. Since crack growth behavior is
controlled by the combination of local stress and local
strength in varying combinations, it is expected that the crack
growth data obtained from a number of tests will show a con-
siderably larger scatter even though the testing conditions re-
mained identical. Under this condition, the statistical method
must be used to treat the test data so that the statistical varia-
bility of the measured data can be evaluated and the statisti-
cally based mean response and the upper-bound limit can be
determined.

In this study, a linear regression analysis computer program
was used to determine the functional relationship between the
stress intensity factor Kj and the crack growth rate a. The
results show that a power law relationship exists between Kl
and a, which is consistent with the theoretical results obtained
by Schapery10 and Knauss11 in their study of fracture of linear
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viscoelastic materials. Mathematically, it can be written as

da _
dt ~ (D

in which Q and C2 are constants. The values of the coefficient
of variation, the standard error of estimates, and the constants
Ci and C2 are shown in Table 1. According to Table 1, the
values of Cl and C2 for the two different methods of the a
calculation differ from each other. Since Cl and C2 are em-
pirically determined constants, it is expected that their values
will vary from test to test as well as from one a calculation
method to another.

In addition, the test data obtained from individual tests
were analyzed to determine the values of the exponent and the
intercept of Eq. (1). The determined values of Q and C2 were
not shown in Table 1; instead, they were plotted together with
those shown in Table 1, in Fig. 12 as log Q vs C2. It is clearly
indicated that Q and C2 are not constants but are mutually
dependent and related through the equation

log Cl = A + BC2 (2)

where A = -2.156 and B = -1.686.
Equation (2) is derived from pairs of Cl and C2, which were

obtained from all experimental tests data. Therefore, it is in-
dependent of the a calculation method, initial crack length,
and the data sets used to derive C{ and C2. The existence of
Eq. (2) implies that all straight lines relating to Log a and Log
Kl9 obtained from the regression analysis, converge and meet
at a point. In other words, a pivotal point exists about which
these lines rotated. The coordinates of the pivotal point can be
determined from the two constants A and B in Eq. (2). Since
Ci and C2 are related through Eq. (2) and the slope of Eq. (2)
is negative, the decrease in Cl will result in an increase in C2.
Therefore, when using Eq. (1) to predict a for a given KIt a
different value of C2, shown in Table 1, does not necessarily
result in a large difference in the value of a. A simple calcula-
tion of crack growth rate, using Eq. (1) and Cl and C2 values
from Table 1, can show that the difference in the calculated
values of a are not large for a range of values of Kf (30 psi vlh.
< Kf < 60 psi Vin.), especially at large values of Kf. The
results also indicate that the method used to calculate a has a
negligible effect on the predicted values of a. Therefore, it can
be stated that the a calculation method, the initial crack
length, and the nonuniform gross strain field have no signifi-
cant effect on the central tendency of the crack growth be-
havior as defined by the regression equations. However, from
Table 1, the value of the standard error of estimate associated
with the secant method is approximately three times as large as
that associated with the polynomial method. This indicates
that the a calculation method can also contribute to the scatter
of the crack growth data.

V. Conclusions
The principal conclusions that may be derived from the

results of this work under the conditions considered in this
study are the following:

1) The method of the a calculation has a significant effect
on the scatter but has a negligible effect on the central ten-
dency of the crack growth data.

2) There is an optimum At measurement increment that will
minimize the error in the a calculation.

3) The crack growth resistance curve is independent of the
initial crack length.

4) A considerable amount of stable subcritical crack growth
occurs before the onset of the unstable crack growth.

5) The initial crack length and the nonuniform gross strain
field have no significant effect on crack growth behavior.

6) A power law relationship exists between the stress inten-
sity factor Kf and the crack growth rate a and the equation is
shown below:

a =

7) Cj and C2 are mutually dependent.
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